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Abstract

Firstly, we study the critical points of maps φ : Hm → Sn from the Heisenberg group into a

sphere with energy E1(φ) =
∫

Ω
exp(1

2
||∇Hφ||2θ)θ ∧ (dθ)m for domains Ω ⊂⊂ Hm and a contact

structure θ on Hm. They are solutions to the 2nd order quasi-linear subelliptic PDE system

−△bφ
j + 2eb(φ)φj + Gθ(∇

Heb(φ), ∇Hφj) = 0, 1 ≤ j ≤ n + 1,

and arise through Fefferman’s construction. We establish Caccioppoli type estimates
∫

B
r(x)

exp
(Q

2
||∇Hφ||2θ

)

||∇Hu||
Q

θ θ ∧ (dθ)m ≤ Crβ (0 < β < 1)

with Q = 2m + 2 (the homogeneous dimension of Hm), and show that any weak solution φ ∈
⋂

p≥Q W 1,p
H (Ω, Sm) of finite p-energy Ep(φ) < ∞ for some p ≥ 2Q is locally Hölder continuous,

i.e. φj ∈ S0,α
loc (Ω) (Hölder like spaces) for 0 < α ≤ 1, built in terms of the Carnot-Carathéodory

metric ρθ . Secondly, we study exponentially subelliptic harmonic (e.s.h.) maps from a compact

pseudo hermitian manifold (Mm, θ) into a Riemannian manifold (Nn, h), i.e. C2 solutions of

φ : M → N to nonlinear PDE system τb(φ) + φ∗∇
Heb(φ) = 0 which are the Euler-Lagrange

equation of δEb(φ) = 0 with Eb(φ) =
∫

M
exp(eb(φ))θ∧dθm, where e.s.h. maps arise in a similar

setting as above. We derive the second variation formula of exponentially subelliptic harmonic

maps, and study their stability.
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1 Introduction

Exponentially harmonic maps between two Riemannian manifolds were first introduced by Eells

and Lemaire [20] in 1990. In recent three decades, Duc and Eells [19], M. Hong [21], J. Hong

and Yang [24], Chiang, Pan, Wolak and Yang [2]-[14], Cheung and Leung [15], Koh [25], Liu [29],

Zhang-Wang-Liu [33], and others also studied exponentially harmonic maps. Moreover, Kanfon,

Füzfa and Lambert [30] discovered the applications of exponentially harmonic maps on Friedmann-

Lemâitre universe in 2002, and constructed some new models of exponentially harmonic maps which

were coupled with gravity based on a generalization of Lagrangian for bosonic strings coupled

with dilatonic field. Omori [31, 32] investigated the relationship between harmonic maps and

exponentially harmonic maps in 2011-2012, and obtained results about Eells-Sampson’s existence

theorem and Sacks-Uhlenbeck’s existence theorem for harmonic maps via exponentially harmonic

maps.

Exponential wave maps are exponentially harmonic maps on Minkowski spaces, which were first

studied by Chiang and Yang [8, 14] in 2007. A smooth map Φ : (M, g) → (N, h) between two

semi-Riemannian manifolds is exponentially harmonic if it is a critical point of

EΩ(Φ) =

∫

Ω

exp(e(Φ))dvg, e(Φ) =
1

2
traceg(Φ

∗h),

for any relatively compact domain Ω ⊂⊂ M . In terms of Euler-Lagrange equations of the variational

principle δEΩ(Φ) = 0, the associated exponential tension field

τe(Φ) = τ(Φ) + φ∗∇
ge(Φ) = 0,

where τ(Φ) is the tension field of Φ. This work builds on the recent results in subelliptic theory (cf.

Danielli-Garofalo-Nhieu [16, 17]) which was first considered by Jost-Xu [28]. It is a continuation of

an ampler program started by one of the authors (cf. Aribi-Dragomir [1]) which aims to understand

the impact of subelliptic techniques on CR and pseudohermitian geometry (cf. Dragomir-Tomassini

[18]). This paper is a summary report based on two publications by Chiang-Dragomir-Esposito

[10, 11] in 2019 and 2020.

2



2 Exponentially subelliptic harmonic maps from the Heisenberg

group into a sphere

Let (M, g) and (N, h) be two Riemannian manifolds. For every relatively compact domain D ⊂ M

the energy functional is

ED(Φ) =
1

2

∫

Ω

||dΦ||2dvg, Φ ∈ C∞(M, N ).

A C∞ map Φ : M → N is harmonic if it is a critical point of ED for any D ⊂⊂ M , with respect

to arbitrary smooth 1-parameter variations of Φ supported in D. The Euler-Lagrange equations of

the variational principle δED(Φ) = 0 are

−△gΦ
j + (Γj

ki ◦Φ)
∂Φk

∂xα

∂Φi

∂xβ
gαβ = 0,

where △g is the Laplace-Beltrami operator of (M, g) and Γj
ki are the Christoffel symbols of (N, h).

Jost and Xu started with a Hormänder system of vector fields Y ≡ {Ya : 1 ≤ a ≤ s} defined

on an open subset U ⊂ R
m and a domain Ω ⊂ R

m such that Ω̄ ⊂ U and formally replaced

ordinary derivatives by derivatives at the directionsYa and the Laplacian △g by the sublapalcian

△b = −
∑s

a=1
Y ∗

a Ya. The resulting equations, governing C∞ maps φ : U → N

−△gφ
j + (Γj

ki ◦ φ)Ya(Φ
k)Ya(φ

i) = 0,

are still of variational origin (actually these are the Euler-Lagrange equations of δ
∫

|Yφ|
2dx = 0),

but the operator △b is no longer elliptic. The sublaplacian △b is however subelliptic (of order

ǫ = 1/2) and as such shares with △g the property of hypoellipticity (cf. Hömander [27]).

The boundary ∂Sm+1 of the Siegel domain Sm+1 = {(z, w) ∈ C
m × C : Im(w) > |z|2} carries

the CR structure naturally induced by the complex structure on C
m+1

T1,0(∂Sm+1) = {T (∂Sm+1) ⊗ C} ∩ T 0,1(Cm+1).

The map f : Hm → ∂Sm+1 given by f(z, t) = (z, |z|2−it), (z, t) ∈ Hm, is a smooth diffeomorphism

of the Heisenberg group Hm onto the boundary of the Siegel domain Sm+1, and thus Hm is equipped

with the (strictly pseudoconvex) CR structure T1,0(Hm) induced by T1,0(∂Sm+1) via f . Let

S1 −−−−→ C(Hm)
π

−−−−→ Hm
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be the canonical circle bundle over Hm as a CR manifold. For any positively oriented contact form

θ on Hm, there is a natural Lorentzian metric Fθ on C(Hm), the Fefferman metric of (Hm, θ), such

that the restricted conformal class {eu◦πFθ : u ∈ C∞(Hm)} is CR invariant. The construction of

Fθ is suitable for pseudohermitian geometry on (Hm, θ). We first show an auxiliary tool as follows:

Let θ be a positively oriented contact form on the CR manifold (Hm, T1,0(Hm)) and Fθ be the

corresponding Fefferman metric on C(Hm). Let Φ : C(Hm) → Sn be a S1 invariant smooth map

into the standard sphere Sn ⊂ R
n+1 and φ : H

m → Sn be the corresponding base map such that

φ ◦ π = Φ. We study the critical points of maps φ : Hm → Sn from the Heisenberg group into

a sphere with energy E1(φ) =
∫

Ω
exp( 1

2
||∇Hφ||2θ)θ ∧ (dθ)m for domains Ω ⊂⊂ Hm and a contact

structure θ on Hm. They are solutions to the 2nd order quasi-linear subelliptic PDE system

−△bφ
j + 2eb(φ)φj + Gθ(∇

Heb(φ), ∇Hφj) = 0, 1 ≤ j ≤ n + 1,

and arise through Fefferman’s construction, i.e. as base maps φ : Hm → Sn associated to S1

invariant exponential wave maps Φ : C(Hm) → Sn from the total space of the canonical circle

bundle S1 → C(Hm) → Hm endowed with the Fefferman’s metric Fθ. We first obtain the following

theorem from [10].

Theorem 2.1. Let θ be a positively oriented contact form on the CR manifold (Hm, T1,0(Hm)) and

let Fθ be the corresponding Fefferman metric on C(Hm). Let Φ : C(Hm) → Sn be a S1 invariant

C∞ map into the standard sphere Sn ⊂ Rn+1 and let φ : Hm → Sn be the corresponding base map

such that φ ◦ π = Φ. Then the following statements are equivalent:

(a) Φ : (C(Hm), Fθ) → Sn is an exponential wave map.

(b) For any relatively compact domain Ω ⊂⊂ Hm, the base map φ : Hm → Sn is a critical point

of the functional

EΩ(φ) =

∫

Ω

exp
[1

2
traceGθ

(πHφ∗h)
]

θ ∧ (dθ)m,

where Gθ is the Levi form of Hm and h is the standard Riemannian metric of the sphere Sn.

(Note that EΩ may be viewed as integrating along fibres, ED(Φ) =
∫

D
exp

[

1

2
traceFθ

(Φ∗h)]dvFθ

with D = π−1(Ω).)

Utilizing the above two equivalent statements, E(φ) =
∫

M

∑∞
p=0

1

p!
(
|dφ|2

2
)pdv, and applying

the techniques of Hajlasz-Strzelecki’s subelliptic p-harmonic maps into spheres [26], we establish
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Caccioppoli type estimates

∫

Br(x)

exp
(Q

2
||∇Hφ||2θ

)

||∇Hφ||
Q

θ θ ∧ (dθ)m ≤ Crβ (0 < β < 1) (2.1)

with Q = 2m + 2 (the homogeneous dimension of Hm), and show that any weak solution φ ∈
⋂

p≥Q W 1,p
H (Ω, Sn) of finite p-energy Ep(φ) < ∞ for some p ≥ 2Q is locally Hölder continuous, i.e.

φj ∈ S0,α
loc (Ω) (Hölder like spaces) for 0 < α ≤ 1, built in terms of the Carnot-Carathéodory metric

ρθ.

Theorem 2.2. [10] Let θ = dt+ i
∑n

α=1(z
αdz̄α − z̄αdzα) be the canonical contact form Hm and let

Ω ⊂ Hm be the domain of finite volume (i.e. V ol(Ω, Ψ) < ∞ with Ψ = θ ∧ (dθ)m). Let φ : Ω → Sn

be a weak solution to the exponentially subelliptic harmonic map such that

(a) φj ∈ ∩p≥QW 1,p
H (Ω) for 1 ≤ j ≤ n + 1.

(b)Ep(φ) < ∞ for some p ≥ 2Q.

Let R0 > 0 and Ω1 ⊂⊂ Ω a relatively compact subdomain such that B400R0(x) ⊂ Ω for any x ∈ Ω1.

Then there is 0 < r0 ≤ R0 such that (2.1) holds. Hence, φ is locally Hölder continuous.

3 Second variation and stability of exponentially subelliptic har-

monic maps

In this section, we study exponentially subelliptic harmonic (e.s.h.) maps from a compact pseudo

hermitian manifold (M, θ) into a Riemannian manifold (N, h), i.e. C2 solutions of φ : Mm → Nn to

nonlinear PDE system τb(φ)+φ∗∇
Heb(φ) = 0 which are the Euler-Legrange equation of δEb(φ) = 0

with Eb(φ) =
∫

M
exp(eb(φ))θ ∧ dθm, where e.s.h. maps arise in a similar way as the setting of the

previous section. We derive the second variation formula of exponentially subelliptic harmonic

maps φ from a Carnot-Caratheodory complete strictly pseudoconvex pseudohermitian manifold

(M, θ) into a Riemannian manifold (N, h). Let ρθ be the Carnot-Caratheodory metric (associated

to the sub-Riemannian structure (H(M), Gθ)). Let us assume that (M, ρθ) is a complete metric
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space and let Ω ⊂ M be a ρθ-bounded domain. We obtain the second variation formula as follows:

∂2

∂s∂t

[

Ebφs,t)s=t=0

]

=

∫

Ω

hφ(J
φ
b,expV, W )θ ∧ dθm,

J
φ
b,exp = J

φ
b,exp + Qφ,

Jφ
b,expV ≡ (Dφ)∗(exp[eb(φ)]DφV ) − exp[eb(φ)]traceGg [ΠH(Rh)φ(V, φ∗·)φ∗·],

QφV = (Dφ)∗[exp[eb(φ)](hφ)∗(DφV, φ∗)φ∗].

and start a stability theory for e.s.h. maps. The following results are obtained in [11].

Theorem 3.1. Let φ : Mm → Hn be an exponentially subelliptic harmonic map of (M, θ) into the

n-dimensional hyperbolic space Hn. Then φ is weakly stable.

Theorem 3.2. Let φ : Mm → Sn be an exponentially subelliptic harmonic map of (M, θ) into the

n-dimensional sphere Sn. If eb(φ) < n−2

2
(n ≥ 3), then φ is unstable.

As a long range consequence of the construction of the energy densityeb(φ) (one doesn’t compute

the trace of the whole bilinear form φ∗h, but only the trace with respect to the Levi form Gθ) of the

restriction of φ∗h to H(M)⊗H(M), thus missing a direction, i.e. the cotangent direction spanned

by θ the (pseudohermitian) analog Jφ
b,exp of the Jacobi operator (for an ordinary exponentially

harmonic map of Riemannian manifolds) is a degenerate elliptic operator and the solution to the

Dirichlet eigenvalue problem

Jφ
b,expV = λV in Ω, V = 0 on ∂Ω (3.1)

is a priori unknown. Let N = Nn(k) be a Riemannian manifold of nonpositive constant sectional

curvature k ≤ 0. When M is ρθ-complete and Ω ⊂ M is a bounded domain supporting a version

of Poincare inequality

∫

M

hφ(V, V )θ ∧ (dθm) ≤ c2

∫

Ω

h∗(DφV, DφV )θ ∧ (dθ)m, V ∈ C∞(Ω, φ−1TN ), (3.2)

we solve the generalized Dirichet problem

Jφ
b,expV = F in Ω, V = 0 on ∂Ω (3.3)
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for any F ∈ L2(Ω, φ−1TN ), and establish the existence and uniqueness of the solution V = VF ∈

W ◦
H

1,2(Ω, φ−1TN ) to (3.3). When additionally Ω supports a form of Kondrakov compactness, i.e.

W ◦
H

1,2(Ω, φ−1TN ) →֒ L2(Ω, φ−1TN ) is compact, we use the resulting Green operator

G : L2(Ω, φ−1TN ) → L2(Ω, φ−1TN ), GV = VF

to solve the Dirichlet eigenvalue problem (3.1) and establish the following theorem in [11]. Please

read more details about a complete proof in the paper.

Theorem 3.3. Let φ : M → Nn(h) be a nonconstant exponentially subelliptic harmonic map

from a Carnot−Caratheodory complete pseudohermitian manifold (M, θ) into a Riemannian man-

ifold (N, h). Let Ω ⊂ M is a bounded domain supporting Poincare inequality (3.2)and Kondrakov

compactness. Then there is an infinite sequence 0 ≤ λ1 ≤ λ2 ≤ · · · ≤ λν ≤ · · · ↑ ∞ and an

infinite sequence [Vν]ν≥1 ⊂ W ◦
H

1,2(Ω, φ−1TN (h)) such that {λν : ν ≥ 1} is the generalized Dirichlet

spectrum of Jφ
b,exp, i.e.

aφ(Vν, S) = λν

∫

Ω

hφ(Vν, S)θ ∧ dθm

for any ν ≥ 1 and S ∈ W ◦1,2
H (Ω, φ−1T (h)).
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Springer, xxi+399, 2013, Chapters 7 & 8: Exponentially Harmonic Maps & Exponential Wave

Maps.

[9] Y. J. Chiang, Exponentially harmonic maps and their properties, Math. Nachr. (Wiley-VCH)

228 (7-8), 1970-1980 (2015) DOI 10.1022/mana.2014.00248.

[10] Y. J. Chiang, S. Dragomir and F. Esposito, Exponentially subelliptic harmonic maps from the

Heisenberg group into a sphere, Cal. of Var. and PDEs 58, No. 4, 1–45 (2019).

[11] Y. J. Chiang, S. Dragomir and F. Esposito, Second variation formula and stability of exponen-

tially subelliptic harmonic maps, Complex Analysis and Operator Theory 14, Article no: 55,

1–43 (2020).

[12] Y. J. Chiang and Heng Pan, On exponentially harmonic maps, Acta Math. Sinica 58 (1),

131-140 (2015).

[13] Y. J. Chiang and R. Wolak, Transversal wave maps and transversal exponential wave maps,

J. of Geom. 104 (3), 443–459 (2013).

[14] Y. J. Chiang and Y. H. Yang, Exponential wave maps, J. Geom. Phys. 57 (12), 2521–2532

(2007).

[15] L.-F. Cheung and P.-F. Leung, The second variation formula for exponentially harmonic maps,

Bull. Austral. Math. Soc. 59, 509–514 (1999).

8



[16] D. Danielli& N. Garafalo & D-M Nhieu, Trace inequalities for Carnot-Caratheodory spaces and

applications, Ann. Scuola Norm. Sup. Pisa, 27 (2), 195-202.

[17] D. Danielli& N. Garafalo & D-M Nhieu, Non-doubling Ahflors measures, perimeter measures

and the characterization of the trace spaces of Sobolov functions in Carnot-Caratheodory spaces,

Memoirs of AMS, vol. 182, no. 857, 2006

[18] S. Dragomir & G. Tomassini, Differential geometry and analysis on CR manifolds, Progress

in Math, Vol. 246, Birkhauer, Boston-Basel-Berlin, 2006.

[19] D. M. Duc and J. Eells, Regularity of exponentially harmonic functions, Internat. J. Math. 2

(1), 395–398 (1991).

[20] J. Eells and L. Lemaire, Some properties of exponentially harmonic maps, in: Partial Differ-

ential Equations, Part 1, 2 (Warsaw, 1990), 129–136, Banach Center Publ. 27, Polish Acad.

Sci., Warsaw, 1992.

[21] M. C. Hong, On the conformal equivalence of harmonic maps and exponentially harmonic

maps, Bull. London Math. Soc. 24, 488–492 (1992).

[22] J. Jost, Riemannian Geometry and Geometric Analysis, Berlin-Heidelberg, Springer-Verlag,

2011.

[23] S. Kobayashi and K. Nomiza, Foundations of differential geometry, Vols I & II, New York,

Wiley-Interscience, 1963.

[24] J. Hong and Y. Yang, Some results on exponentially harmonic maps, Chin, Ann. Math. A 14

(6), 686–691 (1993).

[25] S. E. Koh, A nonexistence theorem for stable exponentially harmonic maps, Bull. Korean Math

Soc. 32 (2), 211-214 (1995).

[26] P. Hajlasz and P. Strzelecki, Subelliptic p-harmonic maps into spheres and the ghost of Hardy

spaces, Math. Ann. (1998) 311, 341–362.

[27] L. Hörmander, hypoelliptic second-order differential equations, Acta Math., (1967) 119, 147–

171.

9



[28] J. Jost & C-J Xu, Subellitic harmonic maps, Trans. AMS 350 (11), 4633–4649.

[29] J. Liu, Liouville’s type theorem for exponentially harmonic maps, J. Lanzhou Univ. (Nat. Sci),

41, no. 6, 122–124 (2005).
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