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Definitions and History

Question

Question. If G is an h-edge-connected r-regular
graph, then what are best upper bounds for a
certain eigenvalue to guarantee the existence
of an (even or odd) [a, b]-factor?
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Definitions and History

» Finite, simple and undirected graph

> Let g and f be integer-valued functions on V/(G) such that
for every vertex v € V(G), 0 < g(v) < f(v) < dg(v). A
(g, f)-factor of G is a spanning subgraph F of G such that for
each vertex v € V(G), g(v) < dr(v) < f(v).
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» Finite, simple and undirected graph

> Let g and f be integer-valued functions on V/(G) such that
for every vertex v € V(G), 0 < g(v) < f(v) < dg(v). A
(g, f)-factor of G is a spanning subgraph F of G such that for
each vertex v € V(G), g(v) < dr(v) < f(v).

» For nonnegative integers a and b with a < b, an (even or odd)
[a, b]-factor of G is a (g, f)-factor F such that (dr(v) is even
or odd and) g(v) = aand f(v) = b for all v € V(G); if
a = b = k, then we call it a k-factor.

Suil O Eigenvalues and Factors in Regular Graphs



Definitions and History

» Finite, simple and undirected graph

> Let g and f be integer-valued functions on V/(G) such that
for every vertex v € V(G), 0 < g(v) < f(v) < dg(v). A
(g, f)-factor of G is a spanning subgraph F of G such that for
each vertex v € V(G), g(v) < dr(v) < f(v).

» For nonnegative integers a and b with a < b, an (even or odd)
[a, b]-factor of G is a (g, f)-factor F such that (dr(v) is even

or odd and) g(v) = aand f(v) = b for all v € V(G); if
a = b = k, then we call it a k-factor.

» A graph G is h-edge-connected if for S C E(G) with |S| < h,
G — S is connected; the edge-connectivity of G, denoted
k'(G), is the maximum h such that G is h-edge-connected.
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Definitions and History

» Finite, simple and undirected graph

> Let g and f be integer-valued functions on V/(G) such that
for every vertex v € V(G), 0 < g(v) < f(v) < dg(v). A
(g, f)-factor of G is a spanning subgraph F of G such that for
each vertex v € V(G), g(v) < dr(v) < f(v).

» For nonnegative integers a and b with a < b, an (even or odd)
[a, b]-factor of G is a (g, f)-factor F such that (dr(v) is even
or odd and) g(v) = aand f(v) = b for all v € V(G); if
a = b = k, then we call it a k-factor.

» A graph G is h-edge-connected if for S C E(G) with |S| < h,
G — S is connected; the edge-connectivity of G, denoted
k'(G), is the maximum h such that G is h-edge-connected.

> A graph G is r-regular if every vertex has the same degree r.
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of Triples

Many researchers tried to characterize the triples (k, r, h) such that
every h-edge-connected r-regular graph has an k-factor.
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Definitions and History

of Triples

Many researchers tried to characterize the triples (k, r, h) such that
every h-edge-connected r-regular graph has an k-factor.

For positive integers k and r with k < r, every 2r-regular graph has
a 2k-factor.
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Definitions and History

of Triples

Many researchers tried to characterize the triples (k, r, h) such that
every h-edge-connected r-regular graph has an k-factor.

For positive integers k and r with k < r, every 2r-regular graph has
a 2k-factor.

V.

Let k, r, and h be positive integers with 1 < r, and let G be a h-edge-
connected r-regular graph with n vertices. If one of the following
condition holds, then G contains a k-factor.

(i) ris even, k is odd, n is even, and r < hmin{k,r — k};

(ii) ris odd, k is even, and r < (r — k)h;

(iii) both r and k are odd and r < kh.

V.
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Definitions and History

of Triples

Let k, r, and h be positive integers with 1 < r, and let G be a h-edge-
connected r-regular graph with n vertices. If one of the following
condition holds, then G contains an k-factor.

(i) ris even, k is odd, n is even, and r < hmin{k,r — k};

(ii) r is odd, k is even, and r < (r — k)h*, where h* € {h,h+ 1} is
an odd number;

(iii) both r and k are odd and r < kh*.
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Definitions and History

of Triples

Let k, r, and h be positive integers with 1 < r, and let G be a h-edge-
connected r-regular graph with n vertices. If one of the following
condition holds, then G contains an k-factor.

(i) ris even, k is odd, n is even, and r < hmin{k,r — k};

(ii) r is odd, k is even, and r < (r — k)h*, where h* € {h,h+ 1} is
an odd number;

(iii) both r and k are odd and r < kh*.

Niessen and Randerath (1998) extended their result by adding one
more condition in terms of the number of vertices. In fact, they
proved an upper bound for the number of vertices related to k, r, h
to guarantee the existences of a k-factor in an n-vertex
h-edge-connected r-regular graph.
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Definitions and History

» The adjacency matrix A(G) (or simply A) of a graph G with
vertex set {vi,..., vy} is the n-by-n matrix such that Aj is
the number of edges between v; and v;.
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Definitions and History

» The adjacency matrix A(G) (or simply A) of a graph G with
vertex set {vi,..., vy} is the n-by-n matrix such that Aj is
the number of edges between v; and v;.

» The eigenvalues of G are the eigenvalues of A(G).

» The eigenvalues of G, A\1(G),..., A\,(G), are indexed in

nonincreasing order.
» A matching in G is a set of disjoint edges.

» The matching number of G, written o/(G), is the maximum
size of a matching in it.
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Definitions and History

in Regular Graphs

If G is a connected r-regular graph on even n vertices with

A3

IN

r—1+% if ris even,
r—1—|—% if ris odd,

then G has an 1-factor.
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Definitions and History

in Regular Graphs

If G is a connected r-regular graph of order n such that

A3 < p(r),
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Definitions and History

in Regular Graphs

If G is a connected r-regular graph of order n such that

A3 < p(r),

If ¢ is the largest root of x3 —x2 —6x+2 =0, then

0 = 2.85577... if r=3,
p(r) =< 4(r—-2+Vr2+12) if r>4is even,

%(r—3+ (r+1)2+416) ifr>5is odd.

4

—— = = T
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Definitions and History

and

Let p > 3 be an integer. If G is a h-edge-connected r-regular graph
such that A\,(G) < p(r), then

h
%LJJ when r=h (mod 2)

(h+1)p
£

/
'(6) > n— p+L

when r=h+1 (mod 2).
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Definitions and History

and

Let p > 3 be an integer. If G is a h-edge-connected r-regular graph
such that A\,(G) < p(r), then

h
LLJJ when r=h (mod 2)

when r=h+1 (mod 2).

a/(G) > e P+|_ h+1 J

v
If G is a connected r-regular graph of order n such that A3 < p(r),
then o/(G) > 152
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Definitions and History

in Regular Graph

Let G be a connected r-regular graph on n vertices and 1 < k < r.

(i) r is even, k is odd, n is even, and m is an integer such that
r<kmandr<(r—k)m. If

A3(G) < %(r —244/(r+2)2—4(m-2)), if m is even,
s5(r—2++/(r+2)?2?—4(m—1)), if mis odd,
then G has a k-factor.
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Definitions and History

in Regular Graph

Let G be a connected r-regular graph on n vertices and 1 < k < r.
(ii) r is odd, k is even, and m is odd with r < (r — k)m or even
with r < (r — k)(m+1). If

Hr—=3+/(r+3)2—4(m—1)), if mis even,
A3(6) < {%(r —3+4/(r+3)2—4(m—1)), if mis odd,

then G has a k-factor.
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Definitions and History

in Regular Graph

Let G be a connected r-regular graph on n vertices and 1 < k < r.
(iii) both r and k are odd, and m is odd with r < km or even with
r<k(m+1). If

%(r —3+4/(r+3)2—4(m—1)), if mis even,
Fr—=3+/(r+3)2—4(m—1)), if mis odd,

)\3(G) < {

then G has a k-factor.
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in Regular Graph

Let G be a connected r-regular graph on n vertices and 1 < k < r.
(iii) both r and k are odd, and m is odd with r < km or even with
r<k(m+1). If

%(r —3+4/(r+3)2—4(m—1)), if mis even,
Fr—=3+/(r+3)2—4(m—1)), if mis odd,

)\3(G) < {

then G has a k-factor.
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Definitions and History

and in h-edge-connected Regular

Let r, k, h, ', and h* be be positive integers such that r > 3, k < r,

h <r, b e {hh+1} is an even number, and h* € {h,h+ 1} is

an odd number. Suppose that G is an h-edge-connected r-regular

graph. A

(i) Foreven r, odd k, even [V(G)|, k = min{k,r—k}, and m =[],

if r < ki, orif r>kh and A\r_2 (G) < p(r, k, m), then G has a
r—kh’!

k-factor.

(ii) For both odd r and odd k, and for m = [ ], if r < kh*, or, if

r> kh* and A 2[;,*1(G) < p(r,k, m), then G has a k-factor.

(iii) For odd r and even k, and for m = [X], if r < (r — k)b,

or, if r> (r—k)h* and A (Zrk)h*](G) < p(r,k,m), then G has a

k-factor.
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Definitions and History

Let G be a connected r-regular graph of even order n,r > 3, and
eigenvalues r = A\; > --- > X,. If one of the following conditions
holds, G contains an odd [1, b]-factor:

1) riseven, [{] iseven, and A\3 < r — (éhz + (,+1)1(,+2)7
2) riseven, [;]is odd, and A3 < r — (Ehl + (r+1)1(,+2)’

is even, and \3 < r — 2 +W’

(

(

(3) risodd, [4]

(4) risodd, [5] is odd, and A3 < r — lel=2, 1
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[a, b]-factor and Eigenvalues

Let G be a connected r-regular graph of even order n,r > 3, and
eigenvalues r = A1 > --- > A,. If one of the following conditions
holds, G contains an odd [1, b]-factor:

r—2+/(r+22—#(£]-2)

2
r=24/(r+2)2—4([ ;1-1)
2

if both r and i are even

5]
if ris even and [£] is odd
[

)\3 < r
r—3+ (r+32)2—4(m—2) if both r and [£] are odd
r—3+ (r+32)2*4(’—ﬂ*1) if ris odd and (ﬁ“ is even.
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[a, b]-factor and Eigenvalues

Setting

Let rop = min{r — a, b}, let

1 —1if ris even, aand b are odd, and [?’b} is odd,

|1 —2if ris even, a and b are odd, and [?'b] is even,

\
W
‘“@‘“

—1if ris odd, a and b are odd, and [£] is even,
—2if ris odd, a and b are odd, and [] is odd,
| = 1if risodd, aand b are odd, and [~] is even,
1—2if risodd, aand b are odd, and [-=] is odd,

ra

o~ ol gy
N —1 o

7
[}
o

-/ — T T T/ T

\
|

I~

a

o

r—2+4+/(r+2)2—4n

and let p(r,a, b) = 2
w if r is odd.

if r is even,
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[a, b]-factor and Eigenvalues

Let r,a, b, h, b, and h* be be positive integers such that r > 3, a <
b<r, h<r, b e€{h h+1}isan even number, and h* € {h,h+1}
is an odd number. Suppose that G is an h-edge-connected r-regular
graph.

(i) Foreven r, odd a, b, and even |V(G)|, if r < roph’, orif r > ryph’
and )\L_fir“(G) < p(r,a, b), then G has an odd [a, b]-factor.

(i) For baobth odd r and odd a, b, if r < bh*, or, if r > bh* and
A(:#W(G) < p(r,a, b), then G has an odd [a, b]-factor.

(iii) For odd r and even a, b, if r < (r — a)h*, or, if r > (r — a)h*
and )\( (G) < p(r,a, b), then G has an even [a, b]-factor.
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[a, b]-factor and Eigenvalues

Let G be a graph and let g, f be two integer valued functions defined
on V(G) such that 0 < g(v) < f(v) < dg(v) and g(v) = f(v)
mod 2) for all v € V(G). Then G has a (g, f)-factor F such that
dre(v) = f(v) (mod 2) for all v € V(G) if and only if

Y (d(v) —g(v)+ > f(u)—~I[S. Tl —q(S,T) >0
veT ues

for all disjoint subsets S and T of V(G), where q(S, T) is the
number of components Q of G — (S U T) such that

V(Q), TlI+ Y f(v)=1(mod?2).

veVv(Q)

4
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[a, b]-factor and Eigenvalues

Let a and b be odd integers with 2 < a < b. A graph G has an odd
[a, b]-factor if and only if

5(S,T):=q(S, T) = bIS|+a|T| = ) de_s(v) <0
veT

for all disjoint subsets S and T of V(G), where (S, T) is the
number of components Q of G — (S U T) such that |[V(Q), T]| +
b|V(Q)| is odd.

v
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[a, b]-factor and Eigenvalues

Let a and b be even integers with 2 < a < b. A graph G has an
even [a, b]-factor if and only if

5(S, T) == q(S, T) — b|S| + 2| T| = 3 do_s(v) <0

veT

for all disjoint subsets S and T of V(G), where q(S, T) is the
number of components Q of G — (SU T) such that [[V(Q), T]| is
odd. 4
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[a, b]-factor and Eigenvalues

Question. If G is an h-edge-connected r-regular
graph and a — b =1 (mod 2), then what are
best upper bounds for a certain eigenvalue to

guarantee the existence of an [a, b]-factor?
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[a, b]-factor and Eigenvalues

a—b=1(mod 2)

Let G be a graph and let g, f be two integer valued functions defined
on V(G) such that 0 < g(v) < f(v) < dg(v) for all v € V(G).
Then G has a (g, f)-factor F if and only if

3 (d(v) —g(W)) + Y F(u) IS, TNl - g(S, T) = 0

veT uesS

for all disjoint subsets S and T of V(G), where q(S, T) is the
number of components Q of G — (S U T) such that g(v) = f(v)
for all v € V(Q) and

V(Q), TII+ D f(v)=1(mod?2).

veVv(Q)

y
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[a, b]-factor and Eigenvalues

Let a and b be positive integers with 1 < a < b. A graph G has an
[a, b]-factor if and only if

5(S,T) = —b|S|+a|T| - > de_s(v) <0

veT

for all disjoint subsets S and T of V(G).
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[a, b]-factor and Eigenvalues

Thank You :

Figure: From Globe Guide
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